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The heavy mesons in Nambu–Jona-Lasinio model
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School of physics and State Key Laboratory of Nuclear Physics and Technology, Peking University, Beijing, 100871, China
We propose an extended Nambu–Jona-Lasinio model to include the heavy mesons with the heavy
quark symmetry. The quark current-current interaction is generalized to include the heavy quark
currents. In order to comply with the heavy quark spin symmetry at the heavy quark limit, the
quark mass dependence of the interaction strength is introduced. The light and heavy pseudo-scalar
and vector meson, their masses and the weak decay constants, are calculated in the unified frame.
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I. INTRODUCTION
In recent years, some exotic hadron states have been observed in experiments. Many of them cannot be explained
easily as the conventional quarkonia. A possible interpretation is the hypothesis of molecular state [1–3]. Many of
the studies on the exotic states were based on the heavy quark effective theory (HQET). Recently the chiral quark
model have been used in solving the molecular state [4, 5]. Currently, the most difficulty to identify a molecular state
is the uncertainty of the parameters about the interaction strengths and the form factors.
On principle these parameters can be calculated from QCD on the quark level. However, in the low-energy region
where the QCD perturbation method fails we have to rely on effective theories. Among them, the Nambu–Jona-
Lasinio (NJL) model [6, 7] was widely used to investigate many low-energy hadron problems related to the QCD
symmetries in a simple way [8–10].
By means of Dyson-Schwinger equation (DSE), the dynamic quark mass is generated from the spontaneous chiral
symmetry breaking. After solving the Bethe-Salpeter equation (BSE), pseudo-scalar mesons are obtained as the
Goldstone bosons [6, 7]. Other mesons such as vector mesons and axial-vector mesons were included by introducing
more chiral invariant interactions [11–13]. Also the model was extended to comprise the strange flavor [14, 15]. A
bosonization technique was also developed [16] and many works were done along this approach [17–20].
Because of the QCD color coulomb interaction, a heavy quark spin symmetry is reached in the heavy quark limit
that the dependency of hadronic matrix elements on the orientation of the heavy quark spin vanishes [21]. From the
heavy quark symmetry the HQET formalism was developed (for a review, see Refs. [22, 23]).
Some efforts were made on studying the heavy mesons within the NJL model [24, 25]. The bosonization technique
was used in these studies to obtained the meson Lagrangian in HQET. Using the heavy quark propagators in the
heavy quark limit, the DSE+BSE approach was also been used to calculate heavy meson observables [26, 27].
In the NJL model study, the color-octet vector current interaction (ψ¯λaCγµψ)(ψ¯λ
a
Cγ
µψ) was widely adopted since it
is closely related to the QCD interaction. In many DSE+BSE calculations such as in Ref. [28], the interaction between
two quarks was assumed to be intermediated by the gluon with a complicated effective propagator. So the color-octet
vector current of the quark should be dominant. The DSE+BSE calculation using the gluon propagator was also
performed in the heavy meson case [29]. If we naively treat the gluon propagator as a constant in the coordinate
space, we would obtain an NJL model with the color-octet vector current interaction. In the heavy quark limit where
the heavy quark mass mQ tends to infinity, we will show that the heavy quark spin symmetry is valid only for the
color-octet vector current interaction.
Other contact interactions such as the color-octet axial-vector current interaction (ψ¯λaCγµγ5ψ)(ψ¯λ
a
Cγ
µγ5ψ) are
needed to give a more comprehensive description of the light flavor mesons such as the ρ meson [11–15]. We will show
that the heavy quark spin symmetry would not be reached if these interactions exist in the heavy quark limit. To
maintain this symmetry, these interactions should be considered as higher order terms and should be 1/mQ suppressed.
This is critical to extend the NJL model to include heavy quark flavors.
We will extend the NJL model to include the heavy quark flavors. The typical approach of DSE+BSE will be used
to obtain properties of heavy mesons. In this way, we can calculate the mass splitting between the pseudo-scalar
mesons D (or B) and the vector mesons D∗ (or B∗) which is the effect of finite heavy quark mass according to the
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2heavy quark expansion. Due to the fact that the heavy quark masses are far beyond the NJL cutoff scale, the usual
4-dimensional cutoff is not appropriate here. We will use the 3-dimensional cutoff following Refs. [6, 7, 11].
In the next section, we will generalize the NJL interaction to include the heavy quark flavor and derive the mass
dependence of the coupling strength parameters according to the heavy quark spin symmetry. In Section III, we will
give a brief account of the DSE+BSE formalism to treat the quark and meson states. In Section IV, we will take
the heavy quark limit and demonstrate the heavy quark spin symmetry. In Section V, numerical calculation will be
performed and the result will be compared to the empirical data. Finally we will give a brief summary.
II. NJL INTERACTION WITH HEAVY QUARK SYMMETRY
In many NJL studies, when dealing with the three light flavors q = u, d, s, the interaction was taken to be the color
current interaction
L4 = GV (q¯λaCγµq)2 +GA(q¯λaCγµγ5q)2. (1)
The interaction maintains the Uf (3)⊗ Uf (3)⊗ SUC(3) symmetry. Here we will not consider the 6-quark interaction
which was used to deal the UA(1) anomaly, since we will not concern the anomaly here and the contribution of the
anomaly term is small [15]. After a Fierz transformation, we can get a Fierz invariant interaction
LF4 =
4
9
G1
8∑
i=0
[
(q¯λifq)
2 + (q¯iγ5λ
i
f q)
2
]− 2
9
G2
8∑
i=0
[
(q¯λifγµq)
2 + (q¯λifγµγ5q)
2
]
+ color-octet terms, (2)
where
G1 = GV −GA, G2 = GV +GA. (3)
Here the λi’s are the flavor Gell-Mann matrices with λ0 ≡
√
2
31 . The color-octet terms do not contribute to the
DSE+BSE calculation of the meson.
In Ref. [24], where the heavy flavors Q = c, b were considered, only the color-octet vector interaction
(q¯λaCγµq)(Q¯λ
a
Cγ
µQ) was considered. In Section IV, we will show that only this term in Eq. (1) respects the heavy
quark spin symmetry in the heavy quark limit.
The color-octet vector interaction is however not enough to describe the light flavor mesons such as the vector
ρ meson. We will also show that the heavy quark spin symmetry would not be reached if other than the vector
interaction exists in the heavy quark limit. To consistently describe the light sector and the heavy sector of the meson
system, we assume that the NJL interaction is originated in the color-octet vector current. Other currents appear as
higher order correction in some series expansion and thus should be suppressed by the 1/mq factor if the expansion
is taken with respect to the constituent quark mass mq. According to this thought, we modify the NJL interaction
Eq. (1) to
L4 = GV (q¯λaCγµq)(q¯′λaCγµq′)2 +
h1
mqmq′
(q¯λaCγµq)(q¯
′λaCγµq
′) +
h2
mqmq′
(q¯λaCγµγ5q)(q¯
′λaCγµγ5q
′). (4)
Here we can take the light and heavy quarks into a unified frame q, q′ = u, d, s, c, b. h1 and h2 are dimensionless
parameters. mq and mq′ are the constituent masses of the quarks involved in the interaction.
The Fierz invariant interaction Eq. (2) has the interaction strengths
G1 = GV +
h1 − h2
mqmq′
, G2 = GV +
h1 + h2
mqmq′
. (5)
We notice that G1 is tightly related to the quark constituent mass which is the dynamical one generated from the gap
equation (see Eqs. (9) and (10) in Section III). If G1 depends on the constituent quark mass, the gap equation will
change radically. As shown in FIG. 1, when h1 = h2, the case of usual NJL model where G1 = GV is independent
on the constituent quark mass, the gap equation has the two solutions corresponding to two chiral phases which is
believed to exist in the QCD chiral limit: a Wigner solution at mq = 0 and a chiral symmetry breaking solution at
mq 6= 0 when the coupling is large enough.
However, when h1 6= h2, the gap equation reveals a singularity at mq = 0. Hence, there is no chiral phase (Wigner
solution). So we must set h1 = h2 = h and the NJL interaction turns to be
L4 = GV (ψ¯λaCγµψ)2 +
h
mqmq′
[
(ψ¯λaCγµψ)
2 + (ψ¯λaCγµγ5ψ)
2
]
. (6)
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FIG. 1: The gap equation where the zero points are the solution of quark mass. The cutoff is taken at Λ = 750MeV.
h2 = 0.65, h1 = sh2. The dimensionless parameter gV is defined as gV = GV Λ
2. We show two typical situations in the figure:
gV = gc = 9pi
2/16NC where the strength is critically not enough to break the chiral symmetry; and gV = 2.5 with the chiral
symmetry breaking solution.
After the Fierz transformation, we obtain the relevant Fierz invariant interaction: for the light sector
LF4 =
4
9
GV
[
(q¯λifq)
2 + (q¯iγ5λ
i
f q)
2
]− 2
9
(
G0 +
2h
mqmq′
)[
(q¯λifγµq)
2 + (q¯λifγµγ5q)
2
]
, (7)
and for the heavy sector
LF4
′
=
8
9
GV
[
(Q¯q)(q¯Q) + (Q¯iγ5q)(q¯iγ5Q)
]− 4
9
(
G0 +
2h
mqmQ
)[
(Q¯γµq)(q¯γ
µQ) + (Q¯γµγ5q)(q¯γµγ5Q)
]
. (8)
Because the difference between the constituent mass and current mass of heavy quark should be small, we will
ignore the dynamical effect upon the heavy quark mass in the calculation of heavy mesons.
III. BETHE-SALPETER EQUATION AND MESONS
Now we will give a brief account of the method of DSE and BSE used in our calculation of meson states. Throughout
this section we will use Eq. (2) as a general form of the NJL interaction.
The Dyson-Schwinger Equation (DSE) is used to obtain the dynamical quark mass mq. The self-consistent gap
equation derived from DSE reads
mq = m
0
q +Σq, (9)
where m0q is the current quark mass and Σq is the quark self energy
− iΣq = i32
9
G1Tr
∫
d4p
(2π)4
Sq(p) = −16G1
9
mqI1(mq), (10)
where Sq(p) is the quark propagator. The expression of the integral I1(mq) is given in the Appendix.
We use Bethe-Salpeter equation (BSE) to obtain the meson mass and amplitude. The total quark anti-quark
scattering amplitude is obtained from the ladder approximation. We decompose the amplitude into different Lorentz
structures [15]. The relevant amplitudes are
Tps =TPP (iγ5λi ⊗ iγ5λj) + TAP (−i/ˆqγ5λi ⊗ iγ5λj) + TPA(iγ5λi ⊗ i/ˆqγ5λj) + TPAA(−i/ˆqγ5λi ⊗ i/ˆqγ5λj), (11)
Tv =TV V (ηµνγµλi ⊗ γνλj), (12)
where qˆµ = qµ/
√
q2, ηµν = gµν − qˆµqˆν . In the ladder approximation, we need only calculate the loop integral
K KJ =
4which can also be decomposed to
J ijps =JPP (iγ5λi ⊗ iγ5λj) + JAP (−i/ˆqγ5λi ⊗ iγ5λj)
+ JPA(iγ5λi ⊗ i/ˆqγ5λj) + JLAA(−i/ˆqγ5λi ⊗ i/ˆqγ5λj), (13)
J ijv =ηµνJTV V (γµλi ⊗ γνλj). (14)
Then we have
T =
1
1− JK , (15)
where
KP =
16G1
9
(iγ5λi ⊗ iγ5λj), KS =16G1
9
(λi ⊗ λj)
KA = −8G2
9
(γµγ5λi ⊗ γνγ5λj), KV =− 8G2
9
(γµλi ⊗ γνλj).
(16)
The integrals JAB are defined in ref. [15] and formulae with 3-dimensional cut-off are collected in the Appendix.
The meson mass mM is determined by the pole of the amplitude,
Det(1 − JK)
∣∣
q2=m2
M
= 0. (17)
To calculate the weak decay constant of a pseudo-scalar meson, the quark-meson vertex is obtained by expanding
the scattering amplitude near the meson pole. For a pseudo-scalar meson P , which could be π, K, D, or B, the qqP
vertex reads
V iP (p) = iγ5λ
i
[
gP (p
2)− /p
mq +mq′
g˜P (p
2)
]
, (18)
where
g2P =
(
dD
dq2
)−1
q2=m2
P
KP (1− JAAKA), (19)
g˜P =
mq +mq′
mP
KAJPA
1− JAAKA gP , (20)
where D = Det(1 − JK). The pion decay constant is given by
〈0|q¯(0)γµγ5λi
2
q(0)|πj(p)〉 = ifpipµδij . (21)
Similar result holds for the kaon decay constant. In the heavy quark case the decay constant is given by
〈0|q¯(0)γµγ5Q(0)|H(p)〉 = iFHpµ, (22)
where H could be D or B.
IV. HEAVY QUARK LIMIT
In this section, we will discuss the heavy quark limit. After the Fierz transformation, the relevant interaction
between a light quark q and a heavy quark Q in a heavy meson is written in the form
LF4
′
=
8
9
G1
[
(Q¯q)(q¯Q) + (Q¯iγ5q)(q¯iγ5Q)
]− 4
9
G2
[
(Q¯γµq)(q¯γ
µQ) + (Q¯γµγ5q)(q¯γµγ5Q)
]
. (23)
Consider the heavy meson at rest, q = mHv, v = (1, 0, 0, 0). In the heavy quark limit one assumes that the mass
difference between mH of the heavy meson and mQ of the heavy quark is a small quantity l0,
mH = mQ + l0. (24)
5The heavy quark momentum p is expanded around the heavy meson momentum q as p = q + k, where k is assumed
to be far smaller than mQ. Then the propagator of the heavy quark reduces to
1
(/k + /q)−mQ ≈
/v + 1
2(k · v + l0) . (25)
The expression on the right hand side is independent of mQ. The BSE loop integrals reduce to
JPP = 2iNCtr
∫
d4k
(2π)4
iγ5
1
/k −mq + iǫ iγ5
/v + 1
2(k · v + l0 + iǫ) , (26)
JPA = 2iNCtrv
µ
∫
d4k
(2π)4
iγ5
1
/k −mq + iǫ(−iγµγ5)
/v + 1
2(k · v + l0 + iǫ) , (27)
JSS = 2iNCtr
∫
d4k
(2π)4
1
/k −mq + iǫ iγ5
/v + 1
2(k · v + l0 + iǫ) , (28)
JSV = 2iNCtrv
µ
∫
d4k
(2π)4
1
/k −mq + iǫγµ
/v + 1
2(k · v + l0 + iǫ) , (29)
JµνV V = 2iNCtr
∫
d4k
(2π)4
γµ
1
/k −mq γ
ν /v + 1
2(k · v + l0) , (30)
JµνAA = 2iNCtr
∫
d4k
(2π)4
γµγ5
1
/k −mq γ
νγ5
/v + 1
2(k · v + l0) . (31)
We find
JPP = JPA = 4iNC
∫
d4k
(2π)4
k · v −mq
(k2 −m2q + iǫ)(v · k + l0 + iǫ)
, (32)
JSS = JSV = 4iNC
∫
d4k
(2π)4
k · v +mq
(k2 −m2q + iǫ)(v · k + l0 + iǫ)
, (33)
JµνV V = 4iNC
∫
d4k
(2π)4
kµvν + vµkν − gµνk · v + gµνmq
(k2 −m2q)(v · k + l0)
, (34)
JµνAA = 4iNC
∫
d4k
(2π)4
kµvν + vµkν − gµνk · v − gµνmq
(k2 −m2q)(v · k + l0)
. (35)
After further decompositions JµνV V = J
T
V V (g
µν − vµvν) + JLV V vµvν and JµνAA = JTAA(gqµν − vµvν) + JLAAvµvν , we have
JLV V = 4iNC
∫
d4k
(2π)4
k · v +mq
(k2 −m2q)(v · k + l0)
, (36)
JTV V = 4iNC
∫
d4k
(2π)4
−k · v +mq
(k2 −m2q)(v · k + l0)
, (37)
JLAA = 4iNC
∫
d4k
(2π)4
k · v −mq
(k2 −m2q + iǫ)(v · k + l0 + iǫ)
, (38)
JTAA = 4iNC
∫
d4k
(2π)4
−k · v −mq
(k2 −m2q + iǫ)(v · k + l0 + iǫ)
. (39)
Thus, in the heavy quark limit
JPP (l0) =JPA(l0) = J
L
AA(l0) = −JTV V (l0), (40)
JSS(l0) =JSV (l0) = J
L
V V (l0) = −JTAA(l0). (41)
For a pseudo-scalar meson, the mass equation Eq. (17) turns to be
(1− JPP (q2)KP )(1− JLAA(q2)KA)− J2PA(q2)KPKA = 0,
which reduces to
1− (KP +KA)JPP (l0) = 0, (42)
6TABLE I: Numerical results of the meson masses and decay constants. The cal. I column: results with the NJL interaction
Eq. (6). The cal. II column: results with the interaction Eq. (1) for the light meson sector and the interaction Eq. (23) for the
heavy meson sector. The experimental data are taken from Ref. [30] except for FB and F
∗
B which are taken from the lattice
calculation in Ref. [31] (see also [32, 33]).
cal. I cal. II exp.
mu(MeV) 392 389
ms(MeV) 542 540
mpi(MeV) 139 137 135/140
mK(MeV) 496 496 494/498
fpi(MeV) 91.5 86.5 93.3
fK(MeV) 97.9 88.6 114
mρ(MeV) 771 775 775
mK∗(MeV) 918 905 892
mD(GeV) 1.87 1.86 1.86/1.87
mDs(GeV) 1.95 1.95 1.97
mD∗(GeV) 1.99 2.07 2.01
mD∗s (GeV) 2.12 2.20 2.11
mB(GeV) 5.28 5.28 5.28
mBs(GeV) 5.37 5.37 5.37
mB∗(GeV) 5.31 5.36 5.33
mB∗s (GeV) 5.42 5.47 5.42
FD(MeV) 139 123 207
FDs(MeV) 147 129 258
FB(MeV) 96.7 87.0 190 (lattice)
FBs(MeV) 107 91.8 231 (lattice)
in the heavy quark limit. The mass equation of the vector partner is 1− JTV V (q2)KV = 0, which leads to
1 +KV JPP (l0) = 0, (43)
in the heavy quark limit. If G2 = G1, the mass equations of the pseudo-scalar meson and the vector meson are
identical, and the heavy quark spin symmetry is obtained. Otherwise, if G2 6= G1, the mass of the pseudo-scalar
meson differs from the mass of the vector meson. Similarly, the masses of a scalar meson and its axial-vector partner
will be degenerate in the heavy quark limit if and only if G2 = G1.
V. NUMERICAL RESULTS
In the NJL interaction Eq. (6), the input parameters are the current masses for light quarks and constituent masses
for heavy quarks, the coupling constants and the 3-dimensional cutoff. We used experimental data of light mesons of
mpi, mK , mρ, fpi to determine parameters m
0
u/d, m
0
s, GV , h and Λ. Then the experimental masses of mD and mB is
used to determine mc and mb. The parameters are
m0u/d =2.79MeV, m
0
s =72.0MeV,
mc =1.63GeV, mb =4.94GeV,
Λ =0.8GeV, gV =GV Λ
2 = 2.41, h =0.65.
(44)
The resulted masses and weak decay constants are show in the cal. I column in TABLE I. We find that the meson
mass spectra, both the light sector and the heavy sector, are well fitted to the experimental data. One major difficulty
is that the calculated decay constant decreases with increasing meson mass while the experimental one increases with
mass. As already shown in Ref. [15], the theoretical result of fK is smaller than the empirical data. In the case
of heavy mesons, the theoretical results are smaller than the empirical ones by almost a factor 2. We notice that
the decay constant increases with the momentum cutoff parameter Λ. A possible explanation is that the momentum
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FIG. 2: The dependence of heavy-light meson masses on mQ. On the left side, with the interaction Eq. (6). On the right side,
with the interaction Eq. (23). The light quark is set to u.
cutoff in heavy sector is larger than in light sector which reflects the fact that the size of a heavy meson is relatively
small.
The dependence of heavy meson masses on heavy quark mass are plotted in FIG. 2. We use H to represent the
heavy pseudo-scalar meson and H∗ the heavy vector meson. One can see that when the quark mass tends to infinity,
the mass splitting between H and H∗ meson vanishes. On the other hand if we use the interaction in Eq. (23) and
keep the parameter G2 unchanged vs the quark masses, i.e.
G2 = GV +
2h
m2u
= 5.41/Λ2,
we observe a mass crossing of the H meson with H∗ meson mass as the heavy quark mass increase. Beyond the
crossing point, the mass relation is reverted with the H meson above the H∗. the mass curve of H will further reach
the mass threshold and no H bound state exists beyond. So, a naive generalization of the NJL interaction from light
quark sector to the heavy is inappropriate.
As a comparison, we also checked with the interaction of a mass independent vector interaction in heavy meson
sector, i.e. Eq. (23) with G1 = G2 = g3Λ
−2. The interaction in light meson sector is Eq. (1) with a different set of
couplings G1 = g1Λ
−2 and G2 = g2Λ−2. The parameters are
m0u/d =3.36MeV, m
0
s =81.7MeV,
mc = 1.68GeV, mb =5.00GeV, Λ =0.7GeV,
g1 = 2.52, g2 =5.82 g3 =2.53.
(45)
The result is shown in the cal. II column in Tab. I. We notice that the mass splitting between the heavy pseudo-scalar
meson D (or B) and its vector partner D∗ (or B∗) differs from the empirical data by roughly a factor 1.5. For the
D and D∗, it is 210MeV comparing to the empirical data 150MeV, and for the B and B∗, it is 80MeV comparing to
50MeV. To reduce the mass splitting, one may decrease the coupling gV . But gV can not be too small, otherwise the
interaction will not be strong enough to bound the D∗ meson.
VI. CONCLUSION
In this work, we have studied light and heavy mesons in a unified frame with the NJL model. We have followed a
traditional approach of solving the DSE and BSE. We have used a 3 dimensional cutoff to adequately regularize the
integrals when heavy quarks are involved.
We have investigated the heavy quark spin symmetry in the heavy quark limit. We find that, in the heavy quark
limit, the pseudo-scalar meson and its vector partner will have an identical mass equation only if the NJL interaction
is a color-octet vector interaction which can be recognized as a approximation of a single-gluon exchange interaction.
Then we propose an extension to the NJL interaction as in Eq. (23) which introduces the 1/mq correction to the
quark current. The mass dependence suppresses the axial-vector current interaction to guarantee that the heavy
quark spin symmetry still holds in the heavy quark limit.
8We have performed numerical calculations to the light and heavy pseudo-scalar and vector meson, both for their
masses and the weak decay constants. The mass spectra fit the experimental data quite well. But the weak decay
constants always show a large discrepancy to the experiments. A possible explanation is that the momentum cutoff
in heavy sector is larger than in light sector, which reflects the fact that the size of a heavy meson is relatively small.
The issue can be studied using some more realistic interaction other than the contact one.
Appendix A: The Current Condensates in 3D Cutoff
In BSE, we need to calculate the loop integral
J(Γ,Γ′,m,m′) = 2iNCtr
∫
d4p
(2π)4
[
Γ
1
(/p+
1
2/q)−m+ iǫ
Γ′
1
(/p− 12/q)−m′ + iǫ
]
, (A1)
where Γ and Γ′ are the interaction vertices. For pseudo-scalar mesons, we have [15]
JPP =
1
2
[I1(m) + I1(m
′)] + [(m−m′)2 − q2]I2(m,m′, q2), (A2)
JPA,µ = qµ(m+m
′)
[
1− (m−m
′)2
q2
]
I2(q
2,m,m′) + qµ
m−m′
2q2
(I1(m)− I1(m′)), (A3)
JLAA =
(m2 −m′2)2
q2
(I2 − I02 )− (m+m′)2I2. (A4)
For vector mesons, the loop integral is healed by subtracting a certain term JTV V → JTV V − J (T )V V (q = 0) + J (L)V V (q = 0)
and one can obtain,
JTV V =
1
3
[
2(m2 +m′2)(I2 − I02 )− [3(m−m′)2 − 2q2]I2 −
(m2 −m′2)2
q2
(I2 − I02 ) + 4(m2 −m′2)2I02
′
]
. (A5)
The subtracted term tends to zero when one quark mass tends to infinity. The integrations involved are,
I1(m) = 8iNC
∫
d4p
(2π)4
1
(p2 −m2 + iǫ) (A6)
I2(m,m
′, q2) = 4iNC
∫
d4p
(2π)4
1
[(p+ 12q)
2 −m2 + iǫ][(p− 12q)2 −m′2 + iǫ]
(A7)
and define, I02 (m,m
′) ≡ I2(m,m′, 0) and I02 ′ = dI2/dq2|q2=0. After a calculation, one can find, when (m′ −m)2 <
q2 < (m+m′)2,
I1(m) =
NC
4π2
∫ 4(Λ2+m2)
4m2
√
1− 4m
2
κ2
dκ2 (A8)
I2(m,m
′, q2) = −NC
4π2
∫ (√Λ2+m2+√Λ2+m′2)2
(m+m′)2
√
1− 2m2+m′2κ2 +
(
m2−m′2
κ2
)2
κ2 − q2 dκ
2 (A9)
in which the Λ2 is the 3 dimensional cutoff. The same expression can be applied to the case q2 < (m−m′)2.
The integration involved in 0−, 1− sector is,
j(l0) = 4iNC
∫
d4k
(2π)4
k · v −mq
(k2 −m2q + iǫ)(v · k + l0 + iǫ)
(A10)
Assuming v = (1,~0), and integrating out k0 below the threshold l0 < mq, one can find,
j(l0) =
4NC
(2π)4
π
∫
d3k
√
k2 +m2 +mq√
k2 +m2q(
√
k2 +m2q − l0)
(A11)
9Introducing the 3D cutoff, one can get,
j(l0) =
NC
(2π)2
∫ 4(Λ2+m2q)
4m2q
κ+ 2mq
2κ− 4l0
√
1− 4m
2
κ
dκ2 (A12)
In which,
κ2 = 4k2 + 4m2q (A13)
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